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This paper investigates the inﬂuence of residual interface tension on the fracture behavior of a nanoscale
linear interface inclusion in a bimaterial matrix. Solutions to the inclusion opening displacement and the
energy release rate are obtained. The results show that the interface effect on the inclusion deformation
and inclusion tip ﬁeld are prominent at nanoscale. Especially, the residual interface stress has a dramatic
inﬂuence on the energy release rate. It is also found that the importance of the interface effect depends on
the size of the inclusion, the shear modulus ratios of the bimaterial. The inclusion opening displacement
and the energy release rate can be reduced considerably by decreasing the inclusion length at nanoscale.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Due to the unique mechanical and physical properties, nano-
structured materials have found wide applications in constructing
nanodevices, such as chemical and biological nanosensors (Zhang
et al., 2013), nanoresonators (André, 2010; Beil et al., 2006) and
nanogenerators (Liu et al., 2008; Yang et al., 2009). However,
nanomaterials have different properties from their bulk materials.
It is because that when the characteristic sizes of materials shrink
to microns or nanometers, the surface/interface area-to-volume
ratio becomes huge and surface/interface stresses may play a cru-
cial role in the behavior of such materials. Thus considering the
inﬂuence of surface and interface stresses on mechanical behaviors
of nanoscale materials containing nanoscale objects is essential for
the performance prediction and design of nanodevices.
In order to analyze the surface and interface effects, Gurtin and
his co-workers (Gurtin et al., 1998; Gurtin and Murdoch, 1975;
Guitin and Murdoch, 1978) proposed a mathematical theory. They
treated the interface region as a two-dimensional membrane in a
three-dimensional continuum. This model has been adopted by
many scholars to study the subjects of the interface effect on
nanoscale composites. Yang (2004) investigated the surface effect
on the effective elastic properties by using an incomplete
Gurtin–Murdoch model. Moreover, they leading to an erroneous
conclusion that the effective properties of material depend upon
the applied strains which is noted by Mogilevskaya et al.(2010)
and Mi and Kouris (2013a). In the work of Mogilevskaya et al.(2010), they studied the problem of unidirectional nano-scale
ﬁber-reinforced composites, and gave the transverse overall
behavior of unidirectional affected by the surface elasticity and
surface tension. Based on the complete form of Gurtin Murdoch
model, Mogilevskaya et al. (2008) investigated surface effect on
the multiple interacting circular nano-inhomogeneities. Incorpo-
rating surface tension and surface stiffness effects, Kushch et al.
(2011) solved the problem of multiple interacting spherical inho-
mogeneities with the Gurtin–Murdoch interface model. Many
experiments have veriﬁed the valid of the continuum mechanics
solutions for plates as thin as three atomic monolayers, and atom-
istic methods and classical elasticity show similar results for small
strains (Duan et al., 2005a; Stoleru et al., 2002). It also should be
mentioned that the model proposed by Dingreville and Qu
(2008) which introduced the concept of transverse interfacial
excess strain and fully reﬂected the elastic behavior of a coherent
interface. They derived complementary Shuttleworth equation
and pointed that the well-known Shuttleworth relationship is valid
only when the transverse interfacial excess stress along the inter-
face is ignored. In fact, when the transverse stress is considered,
the interface can be treated as a 3D mathematical object, i.e. a
‘‘layer’’ with the intrinsic ‘‘width’’.
Since the great development of nano-structures made from lay-
ered materials, how to deal with the problem of nano-scale inho-
mogeneities in such materials becomes a hot issue. Some
researchers concentrated on the problems of nano-inhomogenei-
ties or cavities embedded in an inﬁnite or semi-inﬁnite matrix. In
particular, the surface and interface effect on the elastic properties
of nanoparticles, wires, and ﬁlms were investigated by Dingreville
et al. (2005) and Mi and Kouris (2012) developed a solution
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particles; the effective bulk modulus of nanocomposites containing
inclusions were obtained by Yang (2006) and Duan et al. (2005b);
the elastic deformation near nanosized spherical and elliptical
inhomogeneities were analyzed by Sharma et al. (2003) and
Wang and Wang (2006), etc. To evaluate the deformation of
embedded nano-inhomogeneities or cavity, some researchers
focused on the mechanical behaviors of such materials. He and Li
(2006) studied surface effect on stress concentration near a spher-
ical void in an inﬁnite elastic solid. Sharma and Wheeler (2007)
studied the ellipsoidal nanoinclusions and give an approximate
solution for the relaxed elastic state. Avazmohammadi et al.
(2009) investigated the interface effect on the elastic deformation
of an elastic half-plane embedded an elastic inclusion. By applying
the complex variable method, Luo andWang (2009) considered the
elastic ﬁeld of an elliptic nano inhomogeneity embedded in an inﬁ-
nite matrix under anti-plane and their semi-analytic method is
proved to be effective and accurate. In addition, the problem of
nano composites containing nanoscale inclusions/inhomogenities
or cavities have also been studied (Chen et al., 2007; Duan et al.,
2007; Mi and Kouris, 2013b; Sun et al., 2004; Zhang and Wang,
2007). For bimaterials, Jammes et al. (2009) investigated the multi-
ple circular nano-inhomogeneities in one of two joined isotropic
elastic half-planes.
Although interface effects on the mechanical properties of
nanomaterials embedded inclusions/inhomogenities have been
extensively studied, it must be pointed out that most previous
studies predicted the inﬂuence of the interfacial tension on the
effective elastic modulus of the bulk materials (Dingreville et al.,
2005; Duan et al., 2005b), the elastic ﬁeld and stress concentration
of elliptical holes, spherical voids, cavity, and inclusions/inhomo-
geneities (Avazmohammadi et al., 2009; Chen et al., 2007; Duan
et al., 2007; He and Li, 2006; Jammes et al., 2009; Luo and Wang,
2009; Sharma and Wheeler, 2007; Sun et al., 2004; Sharma et al.,
2003; Wang andWang, 2006; Zhang andWang, 2007). As a param-
eter to measure the fracture behavior of the materials, the inclu-
sion tip ﬁeld intensity factor and the energy release rate are
essential for evaluating the reliability and estimating the residual
life of the structures. For the future applications of fracture in
micro/nanoscale material, it is vital to incorporate the inﬂuence
of interface stresses in the inclusion tip ﬁeld quantities (such as
the stress intensity factor and the energy release rate). There are
several works which formulate the surface effect on the cracking
problems and have proved that when considering fracture behav-
iors of nanomaterials, the inﬂuence of surface stress is inevitable
(Fu et al., 2011; Huang et al., 2009; Kim et al., 2010; Wang et al.,
2008; Wu, 1999; Zhang et al., 2005). However, the works listed
above did not give the analysis of interface effect on the fracture
of nanomaterials. Therefore, the problem of a line inclusion in an
inﬁnite bimaterial matrix is still very limited at nanoscale. This
paper studies the interface effect on the inclusion tip ﬁeld of an
interface inclusion in an inﬁnite bimaterial medium with the con-
sideration of residual interface stresses. Since we ignored the
transverse stress which is considered in the constitutive equations
of the interface in the Dingreville and Qu (2008) model, Gurtin and
Murdoch (1975, 1978) surface/interface model is adopted. Using
Fourier integrals and singular integral methods, the solutions to
the problem are derived. The solutions to the inclusion opening
displacement, energy release rate and stress intensity factor are
obtained and some useful conclusions are drawn.Fig. 1. An inﬁnite bimaterials with a line nano-inclusion embedded along the
interface.2. Description of the problem
Now we start from a 2D plane problem of two dissimilar
isotropic elastic half-plane perfectly bonded together. There is aline nano-inclusion embedded along the bimaterial interface
(x-axis) with length of 2a and height of h in the y-direction shown
in Fig. 1, where (x,y) is a coordinate system. Here, we investigate a
symmetric problem. It is assumed that all the ﬁeld variables are
functions of x and y only, respectively. Let the medium be loaded
by a remote uniform normal stress r1. We consider a coherent
interface between the medium and the inclusion. Then the
continuum surface/interface model can be used (Gurtin and
Murdoch, 1975).
The inclusion and the matrix are both assumed to be isotropic
elastic. Denote the superscripts of m and i as the material proper-
ties and the ﬁeld variables in the matrix and the inclusion, respec-
tively. According to the generalized Young–Laplace equations
(Chen et al., 2006), the boundary condition for solids at the inter-
face between the matrix and the inclusion can be expressed as
½rn ¼ rs  rs; ð1Þ
where rs denotes the interface gradient operator; [r] = rm  ri; rm
and ri are respectively stress in the bulk and in the inclusion; n is
the a unit vector normal to the interface. The elastic properties of
the inclusion (Poisson’s ratio mi and Young’s modulus Ei) are
assumed to be different from the matrix region (Poisson’s ratios mI
(mII) and shear moduli lI (lII) for the lower and upper half-planes,
respectively). For a coherent interface, the normal stress compo-
nents are assumed to be continuous across the interface of the
bimaterials. The presence of the surface and interface stresses yield
to non-classical boundary conditions, that is:in the bulk
rIxy ¼ rIIxy ¼ 0; rIyyðx;þ0Þ ¼ rIIyyðx;0Þ ¼ rmyyðx;0Þ; ð2aÞ
in the interface:
rI  ri n ¼ rs  rs; jxj 6 a; ð2bÞ
rII  ri n ¼ rs  rs; jxj 6 a; ð2cÞ
According to the Gurtin and Murdoch (1975), the surface constitu-
tive equations are:
rs ¼ s0Iþ ðks þ s0ÞðtresÞIþ 2ðls  s0Þes þ s0rsu; ð3aÞ
where s0 is the residual interface stress, I is the unit tangent tensor,
ks and ls are interface elastic constants, tr es is the trace of the inter-
face strain tensor es and u is the displacement vector. For
two-dimensional materials surface, the Eq. (3) can be rewritten as
follows:
rs ¼ s0 þ ð2ls þ ksÞes; ð3bÞ
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stress component and surface strain component. In this case, we
assume that the change of the atomic spacing in deformation is
inﬁnitesimal, then compared to the residual interface tension the
interface elasticity can be totally ignored (Ou et al., 2008; Wang
and Feng, 2010; Wang and Wang, 2006; Yan and Jiang, 2011).
And such situation can possibly be found in some materials
(Mogilevskaya et al., 2008; Yang, 2004). Thus the interface stress
rs can be expressed by the residual interface stress s0. As shown
in Fig. 1, using the boundary condition (1) we can obtain the jump
of the stresses across the inclusion surface along the y axis equal to
s0jny, where ny is the directional cosine of the vector normal to the
inclusion surface and j is the interface curvature tensor (Nan and
Wang, 2012).
3. Solution to the problem
Since we considered is a line inclusion, i.e. the length of the
inclusion is much larger than the height h, the concept and the
method of fracture mechanics is valid in this case. According to
the method of solving the crack problem in medium (Wang and
Mai, 2003), we can obtain the stress and displacement ﬁelds by
introducing the auxiliary functions /(x) along the interface
inclusion plane which can be expressed by /(x) = oV I(x, +0)ox 
oV II(x,0)ox, in which V I and V II are the inclusion face displace-
ments, respectively, in the positive and negative y-directions. The
inclusion opening displacement (IOD) is the maximum opening
of the inclusion, which can be expressed as IOD = V I(0,+0) 
V II(0,0). In order for the fracture mechanics concept be applica-
ble, we consider a line type inclusion with a height of h which is
much smaller than the inclusion length. The values of the radius
of inclusion surface curvature q on the upper surface and lower
surface of the inclusion may be different. It is very hard to include
such difference in the model. To avoid the difﬁculty in the model-
ing and capture the basic behavior of inclusion fracture, we deﬁne
V(x,0) = [V I(x, +0)  V II(x,0)]/2 and introduce the average radius
of inclusion surface curvature q. Based on the above description,
the value of q and the directional cosine for the normal to the
inclusion surface ny can be expressed by V which is related to /
(Nan and Wang, 2012)
q ¼ 1
j
¼ 2ð1þ /
2=4Þ3=2
/0
; ð4aÞ
and
ny ¼ 1þ /
2
4
 !12
: ð4bÞ
Based on the above assumption, for the y > 0 plane the stress in the
inclusion ri can be approximately expressed as ri = EiV/h.
Next, with the aid of Fourier integrals and singular integral
equation method (Erdogan and Gupta, 1972), we can obtain
the normal components of the stress on the y = 0 plane which
can by expressed by the auxiliary functions / and the applied
loading r1 (Appendix A). It is found that the results give the
stress inside the inclusion as well as outside of the inclusion.
When the residual interface stress is considered, i.e. the case
of inside the inclusion, inserting the obtained stress of Eq. (A4)
to boundary condition (2) in the y-direction gives (Nan and
Wang, 2012):
K
p
Z a
a
/ðrÞ
r  x dr þ r1 
s0nyðxÞ
qðxÞ  E
i Vðx; 0Þ
h
¼ 0; jxj 6 a; ð5Þ
where K = 1/[(1  2mI)/(2lI) + (1  2mII)/(2lII)] is given in the
Appendix A. It can be seen that Eq. (5) reﬂects an equilibriumrelationship along the y direction between the jump of the stress
across the inclusion interface and the residual interface stress. Eq.
(5) is a system of singular integral equations which has Cauchy-type
integral kernel 1/(r  x). Let r ¼ r=a and x ¼ x=a, under the theory of
the integral equation, the solution to /(r) can be expressed as
(Erdogan and Gupta, 1972; Muskhelishvili, 1953)
/ðarÞ ¼
X1
m¼1
Cm
TmðrÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 r2
p ; 1 6 r 6 1; ð6Þ
where Tm(r/a) = cos(marccos(r/a)) is the Chebyshev polynomials of
the ﬁrst kind, and Cm are unknown constants to be determined. Eq.
(5) can be solved by truncating the ﬁrst M terms of Eq. (6), i.e.
m = 1, . . . ,M, and using the well-known integral
R 1
1 TmðrÞ=
ðr  xÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 r2
ph i
dr ¼ pUm1ðxÞ, where Um1ðxÞ ¼ sinðm arccos xÞ=ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x2
p
is the Chebyshev polynomial of the second kind. By adopting
collocation techniques, Eq. (5) can be solved (Erdogan and Gupta,
1972; Muskhelishvili, 1953). Let xk = cos[(2k  1)p/(2M)], where
k 2 [1,M], then 1 6 xk 6 1. Substitution of xk into Eq. (5) yields
K½U þ E
i
h
½V 
( )
fCmg ¼ r1 þ s0nyðxkÞqðxkÞ
 
; ð7Þ
where {Cm} is a column whose elements are Cm; [V] and [U] are
respectively M M matrix whose elements are (V)mn = asin(narc-
cosxm)/n and (U)mn = Un1(xm). When solve the Eq. (7), we can
obtain the inclusion opening displacement, stress intensity factor
related to {Cm} as:
IOD ¼ V Iðx;þ0Þ  V IIðx;0Þ ¼ a
Z x
1
/ðarÞdr
 
x¼0
¼ a
XM
m¼1
Cm sinðmp=2Þ=m; ð8aÞ
K I ¼ K
ﬃﬃﬃﬃﬃﬃ
pa
p XM
m¼1
Cm: ð8bÞ
In fracture mechanics application, the energy release rate is an
important parameter to evaluate the crack growth behavior. With
the expression of the stress ﬁeld intensity factor, the energy release
rate can be obtained as (Wang and Mai, 2003):
G ¼ K2I =ð4KÞ: ð9Þ
Since the inﬂuence of residual interface stress has been included in
the inclusion tip stress intensity factor, the energy release rate will
automatically reﬂect the interface effect. Note that Eq. (7) is highly
nonlinear and the closed form solution is not possible when the
residual interface stress is included in the analysis. In this situation,
the iterative algorithm is adapted to solve Eq. (7). Take M = 1 as
example to illustrate the interface effect. In such a case,
/ðarÞ¼C1r=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1r2
p
; V Iðx;þ0ÞV Iðx;0Þ¼aC1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1x2
p
: ð10Þ
Thus,
IOD¼aC1; /0 ¼ C1
a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1r2
p þ C1r
2
að1r2Þ32
; q¼2a 1r2þC21r2=4
h i3=2
=C1;
ð11Þ
and
ny ¼ 1=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ C21r2=ð4 4r2Þ
q
: ð12Þ
Finally, [U] = 1, [V] = a, q = 2a/C1 and ny = 1. Substituting these into
Eq. (7) yield:
C1 ¼  r1
Kþ s02aþ E
ia
h
: ð13Þ
Fig. 2. Normalized inclusion opening displacement as a function of normalized half
inclusion length.
Fig. 3. Normalized inclusion tip energy release rate as a function of normalized half
inclusion length.
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IOD ¼ ar1
Kþ s02aþ E
ia
h
; ð14aÞ
K I ¼ K
ﬃﬃﬃﬃﬃﬃ
pa
p
C1 ¼ K
ﬃﬃﬃﬃﬃﬃ
pa
p
r1
Kþ s02aþ E
ia
h
; ð14bÞ
G ¼ K2I =ð4KÞ: ð14cÞ
The solution is very concise and in closed-form. Obviously, we can
also obtain the stress intensity factor KIo, inclusion opening dis-
placement IODo and the energy release rate Go by neglect s0 in
the Eq. (7), which are the solutions that ignore the interface effect.
Here let a/h = constant related to the shape of line inclusion, then
the above equations can be expressed in dimensionless form as
follows:
IOD
IODo
¼ 1þ E
ia=ðhKÞ
1þ lc=ð2aÞ þ Eia=ðhKÞ
; ð15aÞ
K I
K Io
¼ 1þ E
ia=ðhKÞ
1þ lc=ð2aÞ þ Eia=ðhKÞ
; ð15bÞ
G
Go
¼ K I
K Io
 2
ð15cÞ
where lc = s0/K is a characteristic length parameter of the
material. For a given shape of a line inclusion, it is found that
IOD/IODo? 1 when a lc. Similar to IOD/IODo, we have KI/KIo
and G/Go also approaches to 1 when a lc.
However, for practical application,M > 1 is required to achieve a
reasonable precision. In this case, the iterative algorithm is adapted
to solve Eq. (7). The procedure of solution includes a series of
iterations (Nan and Wang, 2012). Results for M > 1 are shown
graphically for a line inclusion in next section.
4. Numerical example
It is clear from Eq. (15) that the IOD and energy release rate are
related to a/lc and a/h. Hence, the IOD and the energy release rate
depend on the inclusion length, shape, residual interface tension,
the shear modulus ratios of the bimaterials l0 = lI/lII. To illustrate
the results, we chose the material system provided by Jammes
et al. (2009) which is a benchmark for several elastic problems of
two dissimilar joined materials containing multiple inhomogenei-
ties or holes. The parameters are taken to be mI = 0.25, mII = 0.3,
lII = 34.7 Gpa, lI/lII = 0.5, mi = 1/3, Ei = 185.1 Gpa, r1 = 0.1 Gpa
(Jammes et al., 2009). The value of the residual interface tension
s0 is assumed to as s0 = 110 N/m (Guitin and Murdoch, 1978), then
lc can be calculated as 2.22 nm.
By the iteration algorithm, how the interface stresses affect the
inclusion opening displacement and the energy release rate for the
given h/a = 0.1 and 0.2 are plotted in Figs. 2 and 3. To compare the
results with and without the interface effect, the normalized solu-
tions IOD/IODo and G/Go are given. Curves for M P 6 are found to
be convergent and can be considered as the exact solutions of
the IOD and the energy release rate. From these ﬁgures it can be
seen that when the inclusion length rise to a certain value, inter-
face effect become weak or even have no effect on the inclusion
deformation, inclusion tip energy release rate. In the other words,
when the length of the semi-axis a decreases to nanometer, the
effect of residual interface stress on the cracking behavior of the
materials embedded a line inclusion become increasingly signiﬁ-
cant. In the current case, the residual interface stress is positive
and suppresses the propagation of the inclusion. G/Go shows thesame tendency as IOD/IODo. With the decreasing semi-axis length
of inclusion in nanoscale, the interface effect on the inclusion tip
stress ﬁeld is especially remarkable.
Figs. 4 and 5 display, respectively, the effect of the inclusion
shape on the IOD and inclusion tip energy release rate for a given
value of lc. From these ﬁgures we can ﬁnd that both the IOD and
energy release rate are sensitive to the inclusion shape, especially
for the latter. With the incorporation of the residual interface ten-
sion, the normalized IOD decreases as increasing h/a. The normal-
ized energy release rate shows the same tendency. Evidently, at
nanoscale, the residual interface stresses will have obvious inﬂu-
ence on the IOD and energy release rate with respect to the
increasing inclusion shape h/a.
For a given inclusion shape h/a = 0.1, the inﬂuence of the shear
moduli ratio l0 on the IOD and the energy release rate are shown
in Figs. 6 and 7. In this case the value of lII is prescribed as
34.7 Gpa. All the curves in these ﬁgures are approach 1. It is found
that the intensity inﬂuence of the interface tension on the IOD and
energy release rate depends on the l0. In addition, the inﬂuence of
the residual interface stress becomes more and more prominent as
the ratio of bimaterials decreases.
Fig. 4. Normalized inclusion opening displacement as a function of normalized half
inclusion length for h/a = 0.01, 0.1, 0.5 and 1.
Fig. 5. Normalized inclusion tip energy release rate as a function of normalized half
inclusion length for h/a = 0.01, 0.2, 0.1, 0.5 and 1.
Fig. 6. Normalized inclusion opening displacement as a function of normalized half
inclusion length for l0 = 0.01, 1/3, 3, 100, 1000 and h/a = 1.
Fig. 7. Normalized inclusion tip energy release rate as a function of normalized half
inclusion length for l0 = 0.01, 1/3, 3, 100, 1000 and h/a = 1.
Fig. 8. Normalized inclusion opening displacement as a function of normalized half
inclusion length for lc = 0.01, 1/3, 3, 100, 1000 and h/a = 1.
Fig. 9. Normalized inclusion tip energy release rate as a function of normalized half
inclusion length for lc = 0.01, 1/3, 3, 100, 1000 and h/a = 1.
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inclusion and the matrix lc = li/lm, it is convenient to take
mm = mI = mII = 0.31, lM = lI = lII = 32.9 Gpa (Pan et al., 2005). Here
let the Poisson’s ration of inclusion mi = 0.35. For different lc, how
the residual interface tension affect the IOD and the energy release
rate is plotted in Figs. 8 and 9. It can be seen that the normalized
IOD and energy release rate increasing as lc increases. With the
decrease of lc, the residual interface stress have remarkable inﬂu-
ence on the IOD and energy release rate, especially for the latter.
From Eq. (14c), the normalized stress intensity factor is related to
the inclusion tip energy release rate. Then the inﬂuence of residual
interface stress on the stress intensity factor is similar to the
energy release rate.
5. Conclusion
Applying the Fourier integrals and the singular integral equa-
tions, the problem of an inﬁnite bimaterials with an interface inclu-
sion is studied. The interface effect is incorporated into the
governing equations through the surface and interface elasticity
model. The solutions to the inclusion opening displacement and
energy release rate are obtained by the iterative approach. The
interface effect is found to be remarkable on the inclusion deforma-
tion and inclusion near-tip stress ﬁeld. It is also found that when the
size of inclusion reduce to the nanoscale, the intensity effect of the
interface tension on the inclusion displacement and the energy
release rate are related to the inclusion shape, the shear modulus
ratios of the bimaterial. The obtained theoretical results can shed
light on the technique of studying the size-dependent fracture phe-
nomena of nanomaterials containing nanoscale objects and are
envisaged to be helpful for the design nano-devices in NEMS.
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Appendix A
Determination of the singular integral equation (4) can follow
the method of Erdogan and Gupta (1972), Wang and Mai (2003)
and Nan and Wang (2012). The basic procedure is given below.
(1) The constitutive equations for bimaterials arer Jxx
r Jyy
r Jxy
8>><
>>:
9>>=
>>;
¼
c J11 c
J
13 0
c J13 c
J
33 0
0 0 c J44
2
66664
3
77775
e Jxx
e Jyy
2e Jxy
8>><
>>:
9>>=
>>;
; ðA1Þ
where c J11 ¼ c J33 ¼ 2l
Jð1m J Þ
12m J , c
J
13 ¼ 2l
Jm J
12m J , c
J
44 ¼ l J , J = I, II.
(2) Determine the eigen-values km (with negative real parts for
y > 0 and with positive real parts for y < 0) and the
corresponding eigen-vectors (A1m,A2m) from the following
characteristic equationc J11  c J44k2m ðc J13 þ c J44Þkm
ðc J13 þ c J44Þkm c J33k2m  c J44
2
4
3
5 AJ1m
AJ2m
8<
:
9=
; ¼ 0: ðA2Þ
Obtain the following parameters
C J1m ¼ c J44kmAJ1m  c J44AJ2m
J ¼ I; II:
C J2m ¼ c J13AJ1m þ c J33kmAJ2m
ðA3Þ(3) Finally, the normal stresses in the bulk are obtained as:rIIyyðx;0Þ ¼
K
p
Z a
a
1
2i
Z 1
1
sgnðsÞeisðrxÞds/ðrÞdr þ r1
¼ K
p
Z a
a
/ðrÞ
r  x dr þ r1; jxj < a; ðA4Þin which the material parameter matrix K is determined as:K ¼ 
X2
m¼1
CII2mF
II
m ¼
1
1
cII13þcII33
þ 1
cI13þcI33
¼ 1= 1 2mI	 
 2lI	 
þ 1 2mII	 
 2lII	 
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